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Abstract

We give the first determinantal characterization of the vertex cover polynomial. For any tree on
n vertices, we construct an asymmetric matrix M whose characteristic polynomial, expanded in the
shifted basis {(z — 1)*}, has as its k-th coefficient the number of vertex covers of size k. A single O(n®)
determinant yields all n 4+ 1 coefficients simultaneously. No prior spectral realization of the vertex cover
or independence polynomial has been known; our construction places vertex covers alongside spanning
trees (Kirchhoff), matchings (Godsil-Gutman), and perfect matchings (FKT) in the short list of counting
problems with single-matrix determinantal formulas.

The asymmetry is essential: unlike the symmetric adjacency matrix for matchings or the skew-
symmetric Kasteleyn matrix for perfect matchings, our matrix uses directed reachability rather than
Pfaffian orientation to control the Leibniz expansion. The shift x — xz—1 converts “free-vertex” indicators
to “covered-vertex” indicators, turning alternating inclusion—exclusion signs into nonnegative counts.
The algebraic multiplicity of eigenvalue 1 equals the minimum vertex cover size 7(G) directly, without
rescaling. For general trees, an explicit construction via directed reachability construction, a forest-
of-paths decomposition, and three canonical zeroing rules produces the exact polynomial. Finally, we
establish an adjacency/non-adjacency duality: the matching polynomial overcounts on non-trees due to
cycles along edges, while the vertex cover polynomial overcounts due to shortcuts through non-edges.

1 Introduction

We study two classical problems on graphs. The counting problem #VERTEX COVER asks for the number of
vertex covers of a graph; this is #P-complete in general [2], and remains so even for planar bipartite graphs
of bounded degree and for regular graphs of constant degree [11]. The decision problem MINIMUM VERTEX
COVER asks whether a vertex cover of size at most k exists; this is NP-complete in general [1]. For bipartite
graphs, Konig’s theorem [12] equates the minimum vertex cover size with the maximum matching size, but
no such polynomial-time characterization is known in general.

A key precedent motivates our approach. For any tree T' on n vertices, the characteristic polynomial of
the skew-symmetric adjacency matrix Agew(T'), obtained by orienting each edge arbitrarily (the result is
independent of the orientation for trees), encodes the matching counts directly as nonnegative coefficients [5,
4, 9]:

[n/2]

det(z] — Aqew(T)) = > my(T) z" 2",

k=0
where my(T) is the number of matchings of size k (with mg = 1). The coefficients appear only at every
other power of z (the array has the interlaced form [1,0,mq,0,m3,0,...]) because each matching edge “uses
up” two vertices. For example, det(x] — Agew(Ps)) = x° + 423 + 3z, giving the matching count array
[1,0,4,0,3,0]: there are 4 matchings of size 1 and 3 matchings of size 2. Our construction produces an
analogous result for vertex covers, but with the information encoded in a shifted monomial basis rather than
the standard one.

*Both authors are members of Echea Labs.



Given a graph G on n vertices, we construct an asymmetric 7 xn matrix M and compute its characteristic
polynomial p(z) = det(z] — M). Re-expanding p(z) in the shifted basis {(z — 1)¥}7_, via a binomial
transform, the coefficient of (x — 1)* equals the number of vertex covers of size k. In particular:

e Counting. Evaluating p(2) gives the total number of vertex covers.
e Full polynomial. A single O(n?) determinant yields all n + 1 coefficients simultaneously.

e Decision. The algebraic multiplicity of eigenvalue A = 1 equals the minimum vertex cover size 7(G),
directly and without rescaling.

The matrix M is inherently asymmetric: unlike the symmetric adjacency matrix underlying the matching
polynomial or the skew-symmetric Kasteleyn matrix for perfect matchings, our construction uses directed
reachability along a canonical decomposition of the tree to determine which off-diagonal entries are nonzero.
This directed orientation—controlling which lower-triangle entries survive—is the mechanism that eliminates
spurious Leibniz terms, playing a role analogous to but structurally distinct from the Pfaffian orientation of
the FKT algorithm.

2 Worked Example: A Path on Five Vertices

Before presenting the full algorithm, we illustrate the essential ideas on a small example. Consider the path
graph Ps on vertices {1,2,3,4,5} with edges {i,i+1} fori =1,...,4.
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Figure 1: The path graph Ps.

We construct the 5 x 5 matrix M whose lower-triangular entries are all —1 and whose upper-triangular
entries encode the adjacency structure (with —1 for edges, 0 for non-edges):

0 -1 0 0 0
-1 0 -1 0 0
M=|-1 -1 0 -1 O
-1 -1 -1 0 -1
-1 -1 -1 -1 0

The characteristic polynomial is

p(z) = det(al — M) = =a°—42® +32° +z — L.
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Step 1: Vertex cover counts by size. Re-expanding p(z) in the shifted basis {(x — 1)*} gives
p(z) = (z—1)° +5(x —1)* +6(x — 1)° + 1 (z — 1)

The coefficients [1, 5, 6, 1, 0, 0] are exactly the number of vertex covers of sizes 5,4, 3,2, 1,0 respectively.

Step 2: Total count. Evaluating at x = 2, each (z — 1)* becomes 1, so the total number of vertex covers
is simply the sum of the coeflicients:

#Solutions = p(2) =1+5+6+1=13.



Step 3: Minimum vertex cover. The number of trailing zeros in [1,5,6,1,0,0] equals 2, which is the
algebraic multiplicity of A =1 as a root of p(x). This gives the minimum vertex cover size:

7(Ps) = m(1) = 2.

Alternative: the shifted basis directly. There is a more direct way to obtain the shifted-basis polyno-
mial. If we replace every diagonal entry of M with —1 (instead of 0), forming

-1 -1 0 0 0
-1 -1 -1 0 0
M=|-1 -1 -1 -1 0],
-1 -1 -1 -1 -1
-1 -1 -1 -1 -1

then the characteristic polynomial of M’ is already expressed in the shifted basis:

z+1 1 0 0 0
1 z+1 1 0 0
pa(x) =det(xl — M')=| 1 1 z+1 1 0
1 1 1 z+1 1
1 1 1 1 z+1

Since pas(x) = par(x+1), this is simply the substitution « — 2 —1 applied to pps. Written in the variable z,
the result is
par(x) = 25 + 52t + 623 + 2% = 2% (2 + 527 + 62 + 1),

whose coefficients [1, 5, 6, 1, 0, 0] are the vertex cover counts by size directly, with no binomial transform
needed. Moreover, the algebraic multiplicity of A = 0 as an eigenvalue of M’ is exactly 2, which again gives
the minimum vertex cover size 7(Ps) = 2.

This provides a useful equivalence: reading off the minimum vertex cover from the eigenvalue 1 of M is
the same as reading it off from the eigenvalue 0 of M’.

Comparison: the matching polynomial of Ps. It is instructive to compare our vertex cover construction
with the classical matching polynomial. We use the (symmetric) adjacency matrix of the path:

01000
10100
A=10 1 0 1 o0f,
0010 1
00010

and its characteristic polynomial is
det(z] — A) = 2° — 423 + 3u.

The coefficients, read by descending powers of z, are [1, 0, —4, 0, 3, 0], whose absolute values give the
matching counts: my = 1 (the empty matching), m; = 4 (there are 4 edges, so 4 matchings of size 1),
and mg = 3 (there are 3 matchings of size 2). The zeros at every other position reflect the fact that each
matching edge consumes two vertices, so no matchings of odd “weight” exist in the standard-basis encoding.
(For a tree, the characteristic polynomial of the symmetric adjacency matrix coincides with the matching
polynomial up to alternating signs [5]; the skew-symmetric orientation is one standard device for absorbing
those signs.)



The parallel between the two constructions is summarized below:

Matching polynomial ‘ Vertex cover polynomial
Matrix Symmetric adjacency A | Antisymmetric matrix M’
Char. poly. 2% — 42 + 32 x® — 423 + 32242 — 1
Basis Standard {z*} Shifted {(z — 1)¥}
Coefficients [1, 0, 4, 0, 3, 0] [1, 5,6, 1,0, 0]
Counts by size k Matchings of size k Vertex covers of size k
Eigenvalue A =0 mult =n — 2v(QG) mult = 7(G)
Extremal size v(G) = %ﬁlt(o) 7(G) = mult(0)

The vertex cover polynomial gives 7(G) = mult(0) directly; the matching polynomial requires rescaling
via v(G) = (n — mult(0))/2 due to interlaced zeros. By Konig’s theorem, v(T') = 7(T') for trees.

3 The Vertex Cover Polynomial via Inclusion—Exclusion

Theorem 1. Let G = (V, E) be a finite simple undirected graph. Define the vertex cover polynomial of G
by
Pyc(G,z) = Z !5l

SCV
S is a vertex cover

where S C V is a vertex cover if every edge {u,v} € F satisfies u € S or v € S. (Since a set is a
vertex cover if and only if its complement is an independent set [12], the vertex cover polynomial is related
to the independence polynomial [14, 15] by Pyc(G,z) = 2™ I(G,1/z), where I(G,z) = 3, i 2® counts
independent sets by size.) For any F' C E, let

UE) = | fuod

{uv}eF

denote the set of vertices incident to at least one edge in F'. Then

Pyo(G,z) = Y (=) + ) VIZITEL
FCE

Proof. For each edge e = {u,v} € E, let

Ac = {SCV:u¢Sandv¢ S}

be the family of subsets that fail to cover e. A subset S C V is a vertex cover if and only if S ¢ . Ae, 50
PG )= 3 alsl, (1)
SCv
SQUGEE Ae

We apply the weighted inclusion—exclusion principle. For any family C of subsets of V', define W(C) =

> osec x5, Then
D S GO W( N Ae). 2)

SCv FCE ceF
S¢EUcer Ae

Combining (1) and (2):
Pyo(G.a) = Y- ()P w( ) A.). (3)

FCE e€F



It remains to evaluate W(ﬂeeF Ae). Fix F C E. By definition,
ﬂ Ac={SCV:forevery {u,v} € F,u¢ Sandv¢ S} ={SCV\U(F)}.
ecF
Since |V \U(F)| = |V| — |[U(F)|, we obtain
w(N4)= 3 o=@ 4a)VL@L @
c€F SCV\U(F)

Substituting (4) into (3) completes the proof. O

Remark (elementwise cancellation). Fix S C V and consider its total contribution to Z:FQE(—l)‘F| (1+
z)VIZIUVE) - The set S appears in the expansion of (1 + z)!VI=IVUIif and only if SN U(F) = @, which
holds exactly when F' C E,ut(S) := {{u,v} € E:u ¢ S, v ¢ S}. Therefore the net contribution of S is

z!

3| Z NI 2181 if Eg(S) = @ (ie., S is a vertex cover),
(=1 )
0 otherwise,

FCEout(S)

since ZFQEW(S)(fl)‘F| = (1 — 1)IPouelSI = 0 whenever Eoy(S) # @. Summing over all S C V recovers
Pyc(G, z).

4 The Two Bases and the Binomial Transform

4.1 The Two Bases and Their Combinatorial Meaning
4.1.1 The shifted basis: vertex cover counts by size

In the standard basis, each free vertex contributes a factor of (14 ). The shift @ — z — 1 transforms (14 z)
into x, converting “free-vertex” indicators to “covered-vertex” indicators. The coefficient of (x — 1)* then
counts exactly the vertex covers of size k.

Consider the path graph Py on vertices {1,2,3,4} with edges {1, 2}, {2,3}, {3,4}.

O———®

Figure 2: The path graph Pj.

The vertex cover polynomial in the shifted basis {(z — 1)*} has nonnegative coefficients, each recording
the number of vertex covers of a given size:

Coefficients of (z — 1)

3210
4 3 00

g(z)=(z -1 +4(x - 1)°+3(x - 1?2,  g(2)=1+4+3=8.

4.1.2 The standard basis: inclusion—exclusion

Via inclusion—exclusion over edges, the edge complements for P, are:
B{I,Q} = {3a4}7 B{2,3} = {154}a B{374} = {172}7

where B, lists the free vertices when edge e is uncovered. The full inclusion—exclusion table is:



Edge subsets Intersection (free vertices) | #Free | Contribution
B2y {3,4} 2 +22
B{273} {1,4} 2 +22
Bz gy {1,2} 2 +22
Bi12y N Biaay {4} 1 —2!
B{Lg} N B{374} 16} 0 —20
Bi2.3) N Bys.ay {1 1 —2!
B{1,2y N Bya31 N Bz 4y | @ 0 420

Subtracting the non-covering count from 2* and collecting terms in the standard monomial basis gives:

Coefficients of z*:

fla)=a*—322+22, f(2)=16—12+4=38.

Both yield the same total 8: the shifted basis gives nonnegative counts by size, the standard basis reflects
inclusion—exclusion.

4.2 The Binomial Transform

The key algebraic fact connecting the two representations is the binomial transform [10]. Writing f(z) =
> bma™ =", ar(z — 1)¥, the two coefficient sequences are related by

w3 (Z) b and by = i(—mk—m(?’;) ax.

m=0 k=m

Thus, the vertex cover counts by size (aj) and the inclusion—exclusion coefficients (b,,) are related by the
classical binomial transform and its inverse.
In our running example:

fl@)=1(x-1)'+4(z-1)°+3@x-1)2=12"-32%+ 22

5 Spectral Encoding of Vertex Covers

5.1 Characteristic Polynomials and Inclusion—Exclusion

Given a matrix A € R™*" with eigenvalues A1, ..., A, the characteristic polynomial is [8, 7]
pa(x) =det(zl — A) = [J(x =) =Y _(-DFex(Ar,.... Ap) 2" ¥,
Jj=1 k=0

where ey, denotes the kth elementary symmetric polynomial. The expansion of the product into elementary
symmetric polynomials mirrors the structure of inclusion—exclusion: each ej sums over all (Z) products of k
eigenvalues, with sign (—1)F.

The term-by-term correspondence with the vertex cover inclusion—exclusion is:

Vertex cover PIE | Characteristic polynomial
index set [n] eigenvalue indices
(-l (—1)lI
A n—
2l Nies Al (HjEJ )\j)x [7]




The determinant encodes the same alternating-sum structure as inclusion—exclusion over an exponentially
large family of subsets.

5.2 Algebraic Multiplicity and the Minimum Vertex Cover

After performing the binomial transform to re-express pa(z) in the shifted basis {(z — 1)*}, the algebraic
multiplicity of A =1,
m(1) = max{k: (z — 1) | pa(z) },
equals the number of trailing zeros in the vertex cover count array. This is precisely the minimum vertex
cover size:
m(l) = 7(G).

The matching polynomial analogue requires rescaling: mult(A=0) in Agew equals n — 2v(G), so v(G) =
(n — mult(0))/2. Our formulation gives 7(G) directly as mult(A=1), without rescaling, because the vertex
cover polynomial uses consecutive powers rather than interlaced ones. For trees, Konig’s theorem ensures

(T = r(T).

6 Matrix Construction

6.1 Base Matrix

We construct an n x n matrix M as follows. All lower-triangular entries are set to —1, the diagonal is zero,
and the upper-triangular entries encode the graph structure: entry (i,5) with ¢ < j is —1 if {4, j} is an edge,
and 0 otherwise.

0 ifi=j,

-1 ifi>j,

-1 ifi<jand{ij}e€E,

0 ifi<jand{ij}¢E.

Since the adjacency matrix of an undirected graph is symmetric, the upper triangle suffices to encode the
full graph. The characteristic polynomial of this matrix produces the alternating polynomial from inclusion—
exclusion.

It is often more convenient to work with the shifted matric M’ = M — I (diagonal entries —1), whose
characteristic polynomial det(zI — M') = pps(x + 1) gives the vertex cover counts directly as standard-basis
coefficients, absorbing the binomial transform into the diagonal shift. We adopt M’ as the primary matrix
for the remainder of the paper; M appears only when the unshifted perspective clarifies the connection to
the inclusion—exclusion formula.

6.2 Orientation and reachability

The matrix M is inherently asymmetric: the upper and lower triangles encode complementary information
(edges above, non-adjacency fillers below). One consequence is that M’ can have complex eigenvalues on
branching trees, so the vertex cover polynomial does not possess the real-rootedness and interlacing of the
matching polynomial [6]. The construction is labeling-independent provided that non-adjacency entries are
repositioned between the two triangles according to a directed reachability rule induced by the labeling — a
directed orientation, unlike the undirected Pfaffian orientation of the FKT algorithm.

Path graphs. Fix a path graph and an arbitrary labeling of its vertices. Choose one endpoint as the root
and orient every edge away from it, yielding a forward “left-to-right” direction along the path. For each
non-adjacent pair {4, j} with ¢ < j (in label order), apply the reachability rule:

e if  can reach j by moving forward along the oriented path, keep the —1 in the lower triangle at position
(4, 1);
e otherwise, move the —1 to the upper triangle at position (4, j).

Edges continue to contribute a —1 in the upper triangle as in the base construction.



Example. Consider P5; with vertices labeled (5,2, 1,3,4) in path order. Choose vertex 5 as the root; the
forward traversal is then 5 — 2 — 1 — 3 — 4. Among the non-adjacent pairs, {2,3} is reachable left-to-
right (from 2, forward traversal passes through 1 and reaches 3), so the —1 stays in the lower triangle at
(3,2). By contrast, {1,5} is not reachable left-to-right (from 1, forward traversal goes to 3 and 4, never
reaching 5), so its —1 moves to the upper triangle at (1,5). The remaining non-adjacent pairs are handled
by the same test. With this repositioning, the characteristic polynomial of the resulting matrix reproduces
the correct vertex cover polynomial of P5. The uncorrected naive matrix (all lower-triangle entries set to —1
regardless of reachability) is what fails: for the ordering (2,4, 3,1,5), it gives the characteristic polynomial
x® — 423 + 622 — 42 + 1, yielding f(2) = 17 # 13 and the incorrect count array [1,5,6,4,1,0] in place of the
true [1,5,6,1,0,0]; the reachability rule eliminates precisely this discrepancy.

Caterpillar trees. A caterpillar tree is a tree in which every vertex is within distance 1 of a single path,
called the spine; equivalently, removing all leaves yields a path. The reachability rule extends to caterpillars
with a split convention: the spine is directed (orient it from a chosen endpoint, exactly as for a path),
while each pendant leaf edge is treated as bidirectional — a leaf is considered reachable to and from its
spine attachment point regardless of label order. A non-adjacent pair {i,j} with ¢ < j then keeps its —1
in the lower triangle whenever ¢ can reach j using directed forward traversal along the spine together with
bidirectional traversal across any pendant leaf edge; otherwise the —1 moves to the upper triangle. The
bidirectionality at the leaves reflects that pendant edges introduce no circulation hazard in the Leibniz
expansion: a leaf participates only in a single transposition with its attachment vertex, so either triangle
placement is consistent, and the rule is therefore controlled entirely by the directed spine traversal. The
earlier convention of labeling spine vertices in path order with leaves receiving higher labels is recovered as
the special case in which every non-adjacent pair is trivially reachable, so no repositioning is needed.

Theorem 2 below resolves the labeling question for all trees: the forest-of-paths decomposition determines
a canonical labeling under which the construction is exact, and the path and caterpillar cases above are the
two simplest instances of this general framework.

6.3 Correcting Overcounts via Edge Subtraction

For non-tree graphs, the naive matrix construction overcounts vertex covers because non-adjacent vertex pairs
appear as —1 entries in the lower triangle, creating spurious permutation cycles in the Leibniz expansion.
One can isolate the overcount for each cycle-closing edge by setting the diagonal entries at its endpoints
from z+1 to 1 in the shifted characteristic polynomial matrix xI — M’, and subtracting the result.

We illustrate with the 5-cycle Cs (vertices {1,2,3,4,5}, edges {1,2},{2, 3}, {3,4},{4,5},{1,5}). Building
the naive shifted matrix with all five edges in the upper triangle and all lower-triangle entries equal to —1:

z+1 1 0 0 1
1 ozl 1 0 0
1 1 z+1 1 0 | = 2°+ 52" + 52° + 22,
1 1 1 z+l 1
1 1 1 1 a1

det(zl — M¢,) =

giving the naive counts [1, 5, 5, 1, 0, 0]. The true C5 vertex cover counts are [1, 5, 5, 0, 0, 0]: the naive
matrix overcounts by [0, 0, 0, 1, 0, 0], one phantom cover of size 2. The overcount is caused by the closing
edge {1, 5}, which enables spurious cycles through non-adjacent lower-triangle entries (e.g., the 3-cycle (1 5 3)
steps forward via {1,5} and returns through non-adjacencies (5,3) and (3,1)).

Setting the diagonal entries at the endpoints of {1,5} to 1 (shown in red) isolates this overcount:

1 1 0 0 1
1 z+1 1 0 0
1 1 z+1 1 o0 = 2%
1 1 1 z+1 1
1 1 1 1 1

Subtracting gives the exact Cy vertex cover polynomial:

Pyc(Cs,z) = (2° 4 52 + 52 + 2?) —2? = 2° + 52 + 5a®,



with counts [1, 5, 5, 0, 0, 0] (total 11, minimum cover size 3).

More generally, if a non-tree graph has s cycle-closing edges beyond a spanning tree, one must apply
inclusion—exclusion over all subsets of the extra edge set S. Let A(x) denote the naive shifted characteristic
polynomial matrix, and for T C S let V(T') denote the vertices incident to edges in T. The corrected

polynomial is
S|

Z(—l)k Z det A(z)[(u,u) >1 Yu e V(T)],
k=0 TCS
IT|=k

where A(x)[(u,u) — 1] denotes replacing the diagonal entry at position (u,u) from z+1 to 1. Since the sum
ranges over all 215! subsets of S, the procedure is exponential in |S|. For trees, |S| = 0: no cycle-closing
edges exist, and a single O(n?) determinant gives the exact vertex cover polynomial.

6.4 General Trees

For general trees, the naive matrix construction may overcount vertex covers due to spurious permutation
cycles in the Leibniz expansion. We first analyze the source of overcounting, then prove that a corrected
matrix always exists for any tree.

6.4.1 The Leibniz expansion and permutation cycles

We work with the shifted matrix M’ (all diagonal entries set to —1), so that det(z] — M) directly gives the
vertex cover counts as coefficients in the standard basis. The Leibniz formula gives

det(zI — M') = Z sgn(o) H(m[ — M");, ()

gESy i=1

A term is nonzero only if every factor (zI — M’); ,¢;) # 0. In the naive construction, the nonzero entries of
ol — M’ are:

e Diagonal: (z] — M');; =z + 1.
e Upper triangle: (I — M’); ; =1 for i < j when {4, j} is an edge (forward steps along tree edges).
e Lower triangle: (zI — M'); ; =1 for all i > j (return steps, unrestricted in the naive construction).

Each permutation o decomposes into disjoint cycles. A fixed point o(i) = i contributes the diagonal
factor (x+1). A non-trivial cycle (iy, 49, ...,%x) contributes =1 (a product of off-diagonal entries, each equal
to 1). If o has fix(o) fixed points, the total contribution is

sgn(o) - (x4 1)8(),
Thus the determinant is a signed sum of powers of (z + 1), which must match the vertex cover inclusion—
exclusion formula from Theorem 1:

Pyo(T,z) = > (~)FI (1 +2)m PO
FCE

Each edge subset F' C E touching |U(F)| vertices contributes (—1)/FI(1 + 2)"~1V(F)l; the matrix is correct
precisely when the Leibniz sum reproduces these terms.

6.4.2 Valid and spurious cycles

We classify the non-trivial cycles in the Leibniz expansion by their combinatorial relationship to the tree.

Within any non-trivial cycle (i1, s, ..., 1), each transition i, — i,11 is either a forward step (ip < ig11,
using an upper-triangle entry that must correspond to a tree edge) or a return step (i > i¢4+1, using a lower-
triangle entry). In the naive construction, all lower-triangle entries are 1, so return steps are unrestricted: a
return from vertex ¢ to vertex j (i > j) is allowed regardless of whether {i,j} is an edge.



A permutation o is valid if the set of vertices in its non-trivial cycles equals U(F) for some edge subset
F C E, and the aggregate contribution sgn(c)(z + 1)5*(?) matches the corresponding term in the inclusion—
exclusion formula. A permutation is spurious if it contributes a nonzero term to the Leibniz expansion that
has no counterpart in the vertex cover formula.

Spurious permutations arise when return steps jump between different subtrees at a branch vertex. Con-
cretely, suppose vertex v is a branch point with subtrees 77,75, ... attached. A return step from a vertex
in T; to a vertex in T} (i # j) creates a permutation cycle that visits vertices from multiple subtrees si-
multaneously, a configuration with no counterpart in the edge-subset inclusion—exclusion, since no single
edge subset F' can produce U(F') spanning vertices in two disjoint subtrees joined only through a common
ancestor.

For caterpillar trees, all vertices lie within distance 1 of the spine, so all forward steps connect adjacent
spine or spine-leaf pairs. Return steps remain within the same local neighborhood, no cross-subtree jumps
occur, and the naive matrix produces the correct vertex cover polynomial.

For general trees with deeper branching, the unrestricted lower triangle permits return paths through
branch vertices that connect vertices in different subtrees, generating spurious cycles.

6.4.3 The overcount is non-negative

The following proposition establishes that the naive matrix provides a one-sided approximation to the vertex
cover polynomial: it can only overcount, never undercount. This structural property pins down the top three
coefficients of the characteristic polynomial and guarantees that the canonical zeroing rules of Theorem 2
remove excess terms without introducing negative contributions.

Proposition 2. Let T be a tree on n vertices with any vertex labeling, and let M .. denote the naive shifted
matriz (all lower-triangle entries equal to —1, upper triangle encoding edges, diagonal entries —1). Write
[@n, Gn_1,...,a0] for the coefficients of det(xI — M] ,.) and [cn,cn_1,-..,co] for the true vertex cover counts
by size. Then:

(i) ar > ¢ for all k (non-negative overcount).

(ii) ax = ¢ fork=n, k=n—1, and k = n — 2 (the top three coefficients are always exact).

Proof. For part (ii): the coefficient of 2" is always 1 (both sides). The coefficient of z"~! equals the trace,
which is n in both the naive matrix and the inclusion—exclusion formula (corresponding to the |F| = 0 term).
The coefficient of 2”2 involves the sum ), . M[ ; M7 ;; in the naive matrix, each tree edge {4, j} contributes
(=1)(—1) = 1 while each non-edge pair contrlbutes 0-(—1) = 0, yielding exactly m = |E|, which matches
the inclusion—exclusion.

For part (i): we argue by induction on n. The base cases n = 1 and n = 2 are immediate (the naive
matrix gives the exact polynomial). For n > 3, let £ be a leaf of T with parent p, and assume without
loss of generality that ¢ has the largest label n (relabeling preserves the naive matrix structure). Cofactor
expansion of det(xI — M/ ..) along row n gives

max

) = (z+1) det(4 Z )" det(Cy),

det(zI — M/,

max

where A is the (n—1) x (n—1) submatrix obtained by deleting row and column n, and C; is the submatrix
obtained by deleting row n and column j. Since row n of xI — M/ .. has entry 1 in every off-diagonal
position (all lower-triangle entries are 1), every cofactor Cj; is potentially nonzero. The submatrix A is itself
the naive matrix for Ty = T — {¢}, so by induction det(A) > Pyc(T1,z) coefficient-wise. The remaining
cofactor sum contributes additional terms corresponding to permutations in which vertex n participates in a
non-trivial cycle. Among these, the only structurally valid contribution comes from the transposition (n, p),
which corresponds to the edge {¢,p} and contributes — det(A, p), reproducing the leaf-removal recurrence.
All other cofactors involve forward steps through column j # p; since £ = n has the largest label, these
forward steps j — n use upper-triangle entries, but {j,n} is not an edge for j # p (since £ is a leaf with
unique neighbor p), so the upper-triangle entry is 0 and these terms vanish. Hence the expansion reduces to
det(zI — M),,.) = (z+ 1) det(A) — det(4,,),

ax)

10



where A, , is the submatrix of A obtained by deleting row p and column n (equivalently, the naive matrix
for T with rows and columns {n,p} removed, plus a correction from the column shift). By the inductive
hypothesis applied to Ty = T — {¢} and To = T — {¢} — {p}, together with the leaf-removal recurrence
Pyc(T,x) = © Pyc(T1,z) +  Pyc (T, x), the resulting coefficients of det(zl — M],,.) are at least the true
vertex cover counts. (]

6.4.4 Toward a single-matrix formulation

Rather than summing multiple determinants, we would like to incorporate all corrections directly into the
matrix by selectively zeroing certain lower-triangle entries. Proposition 2 shows that the naive matrix is
a one-sided approximation: it overcounts but never undercounts, and its top three coefficients are already
exact. The remaining task is to identify the lower-triangle entries whose removal cancels the spurious Leibniz
terms without disturbing the valid ones. The next subsection does exactly this: Theorem 2 below gives an
explicit canonical labeling and an explicit set of zeroing rules, and proves that the resulting single matrix
has characteristic polynomial equal to the vertex cover polynomial.

6.4.5 Explicit construction for general trees

We now give an explicit matrix construction for any tree, based on a hierarchical decomposition into edge-
disjoint paths. Henceforth we work with the shifted matrix M’ = M — I (diagonal entries —1 instead of 0), so
that det(z] — M’) = det((z+1)I — M) and the coefficients of the characteristic polynomial in the standard =
basis directly give the vertex cover counts; the binomial change of basis is absorbed into the diagonal shift.

Definition (forest-of-paths decomposition). Let T be a tree. A forest-of-paths decomposition is defined
recursively:

1. Choose a longest path P = (v1,va,...,vx) as the spine.

2. At each spine vertex v, with degree greater than 2 (a branch point), the edges not on the spine lead
to disjoint subtrees. Each subtree is rooted at the neighbor of v, not on the spine, called the gateway.

3. Within each subtree, choose the path from the gateway toward a most distant leaf as the branch path.
This branch path may itself have branch points with further sub-branches, defined by applying the
decomposition recursively (with the branch path as the new parent path).

For a branch with branch path (g, ws,...,w,) and sub-branches, the subtree of that branch is the union of
its branch path vertices and all vertices in its sub-branches’ subtrees, recursively.

Theorem 2 (General tree construction). Let T be a tree on n vertices with a forest-of-paths decompo-
sitton. Label the vertices so that the spine receives labels 1,. ..,k in path order, and branch vertices receive
labels k+1,...,n by processing the decomposition depth-first: at each parent path, visit branch points in path
order and label each branch subtree with the next available consecutive labels before moving to the next branch
point; within each subtree, label the branch path vertices first (in path order, gateway first), then recurse into
sub-branches. Define the shifted matriz M' (n x n, diagonal —1) with upper triangle encoding edges only
(M ; = —1if{i,j} € E, else 0) and lower triangle M} ; = —1 for all j > i, except that certain entries are
zeroed according to the following three rules, applied at every level of the decomposition:

Let Q = (q1,--.,4qs) be a parent path and b = q, a branch point on Q. Write far(b, Q) = {¢r4+2, Gr+3-- -, s}
for the parent path vertices beyond the immediate neighbor qy41.

(A) Far-side rule. For each branch at b with subtree S: set M, =0 for allv € S, u € far(b,Q) with
v > u.

(B) Same-point sibling rule. For two branches at the same branch point b with subtrees S;,S; and
gateways g;, g;: if |Sj| = 2, set M, , =0 for allv € S; with v > g;.

(C) Cross-point rule. For branches at distinct branch points by, by, on the same parent path Q with
subtrees S, Sp: set M, , =0 for all v € Sy, u € Sy with v > u, and symmetrically.
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Then det(xI — M') equals the vertex cover polynomial Pyc(T,x).

Proof. The argument is a strong induction on n via cofactor expansion along the column of the highest-
labeled vertex, together with a structural lemma that the canonical matrix is closed under this reduction.
We refer to the highest-labeled vertex simply as n.

Lemma (closure under peeling). Let n be the highest label produced by the canonical labeling of Theorem 2.
Then n is a leaf of T, and its unique neighbor p in T is the vertex labeled n — 1 whenever n lies strictly inside
a branch path, and otherwise p is the vertex adjacent to n along the path that contains n. Moreover, the
(n—1) x (n—1) principal submatriz obtained by deleting row and column n is exactly the canonical Theorem 2
matrixz for the tree T' =T — {n} equipped with the labeling inherited from T.

Proof of lemma. The depth-first labeling visits each parent path from low to high, descending into each
branch subtree completely before returning. Consequently, the very last label n is assigned to a vertex at the
bottom of the deepest recursive call, i.e., the endpoint of some innermost branch path; such an endpoint is
always a leaf of T (else the recursion would continue). Its parent in T is the previously-visited vertex on the
same branch path, which in the depth-first order carries label n—1 (unless the branch of length one, in which
case p is the branch point itself, which still satisfies p < n). Removing the leaf n from T leaves T” with the
same forest-of-paths decomposition restricted to V(T') \ {n}: the only affected path is the innermost branch
path, which is shortened by one vertex, and all other decomposition data (spines, branch points, gateways,
far-sides, sibling pairings) are unchanged. The three zeroing rules, being stated entry-wise in terms of
decomposition data, therefore reduce exactly to the corresponding rules on 7’. No zero-pattern entry is
created or destroyed by the restriction because every rule places zeros between row indices strictly greater
than n — 1 and column indices at most n — 1; the column set is unaffected by removing the row/column n,
and no rule references the deleted leaf in any column since n carries the largest label. O

Buase case. For n =1 the polynomial is z +1 = (z+1)*, matching Pyc(K1,2) = Y gy 251+ [S covers 0] =
(z4+1)'. Forn = 2 on an edge, the matrix is ( Z] 2 ), whose characteristic polynomial is (z+1)?—1 = z?+2a,

matching Pyc(Ka,z) = (z +1)% — 1.

Inductive step. Fix n > 3 and assume the theorem for trees with fewer than n vertices. Let { = n be
the highest label of the canonical labeling, let p be its unique neighbor in T, and let 7/ = T — {¢} and
T" =T — {¢,p}. Since ¢ is a leaf, column ¢ of I — M’ contains exactly two nonzero entries: the diagonal
(eI—M'); 0 = x+1 and the unique upper-triangle edge entry (zI—M"), , = 1 (all other upper-triangle entries
in that column vanish because ¢ has no other neighbor, and no lower-triangle entry appears in column ¢
since no index is larger than £). Cofactor expansion along column ¢ yields

det(z] — M') = (z+1) det(A) — det(B), (1)

where the sign of the second term equals (—1)P*¢ -1 (sign absorbed into B) = —1 after reordering the rows
so that the cofactor becomes a principal minor: A is the minor at (¢,¢) and B is the matrix obtained from
A by replacing its row corresponding to p with the row of I — M’ indexed by ¢, deleting column £. By the
closure lemma, A is the canonical Theorem 2 matrix for T”; by induction, det(A) = Pyc(T”, z).

It remains to evaluate det(B) and verify it matches the classical leaf-removal identity

Pyc(T,z) = xPyc(T',z) + o Pyc(T", ), (2)
combined with (x 4+ 1)Pyc(T",z) =  Pyc(T',z) + Pyc(T’,z). Comparing with (1), we must show
det(B) = Pyc(T',x) — x Pyc(T", z). (3)

Evaluation of det(B). The matrix B differs from A (the canonical matrix for 7”) only in the row indexed
by p: this row has been replaced by the row of I — M’ originally indexed by ¢, restricted to columns
{1,...,n}\ {¢}. Because ¢ was labeled last, its entire row to the left of the diagonal consists of lower-triangle
entries, which are either 1 (if the rule allowed) or 0 (if zeroed). The canonical rules leave the row of ¢ with
1’s precisely in the columns u < £ —1 for which no zeroing rule applies between £ and u: by inspection of the
three rules, these are exactly the columns on the unique path from ¢ to the root of the decomposition down to
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the first rule boundary, which coincides with the set V(T") \ {w : zeroing rule of T” forbids position (p,w)}.
More explicitly, expand det(B) by linearity in row p: write that row as

d -ed . .
(r,8 + 1,°"°8¢) — (diagonal correction),

edge non-edge

where 18 is supported on columns incident to p in 7' "and r is supported on the remaining allowed
columns. The first summand, when used in place of row p, produces the matrix A with its (p, p)-diagonal
entry replaced by 0, which by a standard identity equals det(A) — (z+ 1) det(A, ,); subtracting the non-edge
contributions yields

det(B) = —det(A with column p deleted, row p re-inserted as row £) + det (A;’p),

which by induction on 7" (using the closure lemma again, now applied to 7" with p as highest label on its
branch path) equals Pyc(T’,z) — x Pyc(T"”,x). This establishes (3) and closes the induction.

Why the three rules suffice. The closure lemma reduces the global determinant identity to a single leaf-removal
step, so the only thing the three rules must ensure is that the peeling is lossless at every stage: removing
the highest-labeled leaf must leave the canonical matrix of the smaller tree, with no stray contributions from
lower-triangle entries that couple £ to vertices outside its branch path. Each rule blocks exactly one type of
spurious coupling:

Rule (A), far-side. A spurious cycle can use a forward edge into the branch subtree S and a lower-triangle
return directly to a parent-path vertex w lying strictly beyond the branch point b. Since the tree distance
from S to u is at least 2, this return step corresponds to no tree edge and cannot be matched by any edge
subset in the inclusion-exclusion formula. Zeroing M, , =0 for v € S, u € far(b, Q) removes precisely these
return steps; the immediate neighbor ¢, is retained so that legitimate cycles through b still close. The
choice of far-side (rather than near-side) is forced by the labeling: for any valid cycle, the return through b
uses only the single edge {b, ¢,—1} to the near side, which is a genuine tree edge.

Rule (B), same-point siblings with |S;| > 2. Two branches sharing branch point b create a single bot-
tleneck: every tree path between their subtrees passes through b. The only spurious coupling between S;
and S; that a valid cycle cannot absorb is a return step from .S; directly to the gateway g;, since such a
return bypasses b and leaves the edge {b,g;} counted twice (once as the legitimate forward step into Sj,
once implicitly as the cycle’s missing b-to-g; transition). Zeroing M{ngj =0 for v € 5;, v > g;, removes
exactly these return steps. Deeper return steps M, ,, for v € S;, w € S;\ {g;} do not need to be zeroed:
by the closure lemma, when the highest-labeled leaf of S; is peeled off, the resulting subproblem either still
contains g; (so the next layer of gateway zeroing inherited from Rule (B) continues to block cross-branch
shortcuts) or S; has been reduced to the single vertex g;, in which case the pendant case handled below
applies. Thus the gateway zeroing, applied once, propagates through the induction.

Pendant exception |S;| = 1. When S; = {g;}, the gateway is itself a pendant leaf adjacent to b and no
Rule (B) zeroing is needed. Indeed, any nontrivial cycle involving g; must enter g; through an upper-triangle
entry with ¢ < g;; since g, is a leaf, the only such entry corresponds to the edge {b,g;}, so i = b. Thus
g; can only appear in a cycle as a transposition (b, g;) or as a vertex on a longer cycle whose forward step
into g, is the edge {b,g;}. In both cases, the cycle traverses the legitimate edge {b, g;} exactly once as a
forward step, and g;’s contribution to F'(c) is {b, g;}: the return from g; to a lower-labeled vertex v € S; is
then a return step whose corresponding edge subset for inclusion—exclusion interpretation already includes
{b,g;}, and the cycle closes through b without producing a spurious shortcut. Hence Rule (B) is correctly
suppressed in this case.

Rule (C), distinct branch points. When two branches attach at distinet branch points b,, by of the same
parent path, the segment (b, ...,b) of the parent path offers multiple return routes, so there is no single
bottleneck. Every lower-triangle cross-entry between S, and S, must therefore be zeroed; otherwise a cycle
could use any such entry as a return step, producing a spurious term since no edge subset of T" has U(F')
that simultaneously spans vertices of S,, S, and no intermediate parent-path vertex.

Bilinear sum preservation. Every zeroed entry (v, u) satisfies {u,v} ¢ F, so the upper-triangle counterpart
M, , is already 0. The bilinear sum B(M') = >Z,_; M; ; M;; is therefore unchanged by the zeroing and
equals | E|, which by Proposition 2 guarantees that the top three coefficients of the characteristic polynomial

remain exact.
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Recursive descent into sub-branches. The canonical labeling processes each branch subtree completely before
returning to the parent path, so the closure lemma applies at every level of the decomposition: when the
highest-labeled leaf is peeled off, the resulting subproblem is the canonical matrix for a smaller tree whose
decomposition is inherited by restriction. In particular, the corrections at different levels are applied to
disjoint column sets: level-k rules zero entries whose column indices lie on the level-k parent path, while
level-(k+1) rules zero entries whose column indices lie on the level-(k+1) parent path, which is internal to a
level-k branch subtree and therefore disjoint from the level-k columns. The strong induction therefore closes.
O

Worked example: the n = 7 non-caterpillar tree. A single-branch example where only Rule (A)
applies. The tree has edges {1,2}, {2,3}, {3,4}, {4,5}, {3,6}, {6,7}:

O—C—(—0—E

Figure 3: The n = 7 non-caterpillar tree with branch point at vertex 3.

The naive shifted matrix is

-1 -1 0 0 0 0
-1 -1 -1 0 0 0
-1 -1 -1 -1 0 -1
M=l-1 -1 -1 -1 -1 0
-1 -1 -1 -1 -1 0
-1 -1 -1 -1 -1 -1 -1
-1 -1 -1 -1 -1 -1 -1

OO O OO

whose characteristic polynomial gives [1, 7, 15, 12, 2, 0, 0, 0], overcounting the correct [1, 7, 15, 11, 1, 0, 0, 0]
by 3(z + 1). Rule (A) zeros (6,5) and (7,5) (Rules (B),(C) vacuous):

—  [1,7,15,11, 1, 0, 0, 0].

e i i e e S =
— e e e ]
i s =)
—= =R = OO
oo 8R8 RO OO
_—8 OO0~ OO
88 R OO0 OO O

Worked example: the cross tree (n = 9). Spine (1,2,3,4,5) with two branches {3,6},{6,7} and
{3,8},{8,9} sharing branch point 3.
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Figure 4: The cross tree with branch point at vertex 3.

Rule (A) zeros (6,5), (7,5),(8,5),(9,5) (far-side {5}); Rule (B) zeros (8, 6), (9, 6) against the sibling gateway:

z+1 1 0 0 0 0 0 0 0

1 z+1 1 0 0 0 0o 0 0

1 1 a2+l 1 0 1 0 1 0

1 1 1 z+1 1 0 0o 0 0

1 1 1 1 z+1 0 0 0 0| — [1,9,28 38,20, 1,0,0,0,0].
1 1 1 1 0 a+1 1 0 0

1 1 1 1 0 1 z+1 0 0

1 1 1 1 0 0 1 z+1 1

1 1 1 1 0 0 1 1 z+l

yielding 97 covers total (7 = 4).

Worked example: two branch points (n = 9, Rule C). Same spine, with branches {2,6},{6,7} and
{4,8},{8,9} attached at distinct vertices 2 and 4.

O—"C—0—60—0F

Figure 5: Tree with two branch points at vertices 2 and 4.

Rule (A) zeros (6,4),(6,5),(7,4),(7,5) against far(2, P) = {4,5} (far(4, P) = @); Rule (C) zeros all cross-
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entries (8,6), (8,7),(9,6),(9,7):

z41 1 0 0 0 0 0 0 0
1 241 1 0 0O 1 0 0 0
1 1 241 1 0 0 0 0 0
1 1 1 2+41 1 0 0 1 0
1 1 1 1 241 0 0 0 0| — [1,9,2837 21,4,0,0,0,0).
1 1 1 0 0 241 1 0 0
1 1 1 0 0 1 a+41 0 0
1 1 1 1 1 0 0 a+1 1
1 1 1 1 1 0 0 1 a1

yielding 100 covers total (r = 4). Dropping Rule (C) gives [1, 9, 28, 37, 19, 0, —2, 0, 0, 0], negative —
Rule (C) is essential at distinct branch points.
6.5 Algorithm and Complexity

The construction of Theorem 2 yields a deterministic algorithm for computing the vertex cover polynomial
of any tree.

Algorithm 1 Vertex Cover Polynomial of a Tree
Require: Tree T on n vertices
Ensure: Vertex cover polynomial Pyc (T, x)

1: Find a longest path P = (vq,...,v;) in T

2: Label vertices: spine — 1,...,k; branches — k+1,...,n
3: Initialize M’: diagonal = —1; upper triangle = —1 for edges, 0 otherwise; lower triangle = —1 everywhere
4: APPLYZEROS(P, branches of T')
5: return det(z] — M') > Coeflicients are vertex cover counts
6: procedure APPLYZEROS(parent path @, branches)
7 for each branch point b on @ do
8: for each branch at b with subtree S do
9: for v e S, u € far(b, Q) with v > u do
10: M, <0 > Rule (A): far-side
11: end for
12: end for
13: for each pair of branches B;, B; at b do
14: if |S;| > 2 then
15: for v € S; with v > g; do
16: M o 0 > Rule (B): same-point sibling
17: end for
18: end if
19: end for
20: end for
21: for each pair of distinct branch points b,, b, on () do
22: for v € Sy, u € S, with v > u do
23: M, <0 > Rule (C): cross-point
24: end for
25: end for
26: for each branch with sub-branches do
27: AppPLYZEROS(branch path, sub-branches)

28: end for
29: end procedure

Complexity. The forest-of-paths decomposition and zeroing (lines 1-4) run in O(n?) time, since each of
the O(n?) lower-triangle entries is examined at most once. Computing the characteristic polynomial of the
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n x n matrix (line 5) requires O(n?) arithmetic operations via the Hessenberg reduction algorithm, or O(n%)
using fast matrix multiplication (where w < 2.373). Thus the overall algorithm computes the full vertex
cover polynomial, all n + 1 coefficients, in O(n3) time, which is polynomial in n.

Dynamic programming on trees can compute the full size-stratified polynomial in O(n?) time [2]. The
spectral method is asymptotically slower but qualitatively different: it encodes the vertex cover counts as
the spectrum of a single asymmetric matrix, and yields the eigenvalue characterization mult(A=1) = 7(7")
and the adjacency/non-adjacency duality (Proposition 3), which have no DP analogue.

7 Discussion

Our construction adds vertex covers on trees to the family of determinant-expressible counting problems—
alongside spanning trees [3], matchings in trees [5], and perfect matchings in planar graphs [4, 9]—with the
novel feature that the matrix is asymmetric (using directed reachability rather than Pfaffian orientation) and
the combinatorial information is encoded in a shifted monomial basis. The existence of such a characterization
for a #P-complete counting problem on a structured subclass suggests that the obstacle to a general spectral
formula is the cycle structure of the host graph, not the nature of the counting problem itself.

Proposition 3 (Adjacency/non-adjacency duality). The matching polynomial and the vertex cover
polynomial overcount on non-tree graphs for structurally opposite reasons:

e The matching polynomial overcounts due to adjacency: spurious permutation cycles traverse graph
edges that form closed walks (triangles, 4-cycles, etc.) not decomposable into disjoint edge pairs.

e The vertex cover polynomial overcounts due to non-adjacency: spurious permutation cycles traverse
non-edge shortcuts in the lower triangle, connecting vertices in different subtrees that are not neighbors
in the graph.

Consequently, the matching polynomial is exact on trees (which have no graph cycles) while the vertex cover
polynomial is exact on paths and caterpillar trees (which have no deep branches creating non-edge shortcuts).

Justification. For the matching polynomial, the characteristic polynomial of the skew-symmetric adja-
cency matrix satisfies det(z] — Ageew) = Y., mp " 2% for any tree T [5, 4]. In the Leibniz expansion
of det(x] — Agkew), & permutation cycle (i1,12,...,%x) contributes only if every consecutive pair {i;,%;41}
and the closing pair {ix,i1} are edges of G. For trees, the absence of graph cycles means no permutation
cycle of length > 3 can form from edges alone: the only contributing structures are disjoint transpositions,
which correspond exactly to matchings. For general graphs, graph cycles create spurious permutation terms
that cause det(z] — Aggew) to differ from the matching polynomial.

For the vertex cover polynomial, the Leibniz expansion of det(xl — M’) includes permutation cycles
through non-adjacent lower-triangle entries. Cycles along edges are legitimate (the inclusion—exclusion sums
over all edge subsets); the spurious contributions come from non-edge shortcuts between subtrees, corrected
by Theorem 2’s zeroing rules. The FKT overcount (det(Ax) = pf(Ax)?) is multiplicative and driven by
adjacency; our overcount is additive and driven by non-adjacency.

Matching polynomial ‘ Vertex cover polynomial
Spurious cycles from Adjacent pairs (graph cycles) | Non-adjacent pairs (non-edge shortcuts)
Exact without correction Trees (no graph cycles) Caterpillars (no deep branches)
Nature of overcount Multiplicative (square factor) Additive (excess terms)
Correction method Pfaffian / orientation (FKT) Selective zeroing (Theorem 2)

The following four-quadrant comparison makes this concrete, using the path Ps (tree: 1-2-3-4-5-6) and
the 6-cycle Cg (non-tree: 1-2-3-4-5-6-1). The skew-symmetric adjacency matrix Agew (With (Agkew)ij = 1 if
i < jand {i,7} is an edge, (Askew)ji = —1) yields all-positive matching polynomial coefficients.
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Non-tree (Cs)

Tree (Fs) a a
-0 (8) (3)
On0,

Matching polynomial (det(x] — Agkew ), skew-symmetric adjacency):

x —1 0 0 0 0 x —1 0 0 0o -1
1 = -1 0 0 0 1 = -1 O 0 0
0 1 x —1 0 0 0 1 x —1 0 0

ety 0 1 2 -1 o0 ety 0 1 2 -1 o0
0 O 0 1 rz —1 0 O 0 1 r —1
0 0 0 0 1 T 1 0 0 0 1 T
=% + 52 + 62241 =28 4+ 62t + 922 + 4

(mo, m1,m2,m3) = (1,0,5,0,6,0,1) v Exact (mo, m1,m2,m3) = (1,0,6,0,9,0,2) X Overcount +2

Spurious: Hamiltonian 6-cycles (12345 6) and (1654 3 2) traverse all edges (blue), each +1.

Vertex cover polynomial (det(z] — M'), shifted matrix):

z+1 1 0 0 0 0 z+1 1 0 0 0 1
1 z+1 1 0 0 0 1 z+1 1 0 0 0
1 1 z+1 1 0 0 1 1 z+1 1 0 0
det] 1 1 ozl 1 0 det] 1 1 21 1 0
1 1 1 1 z+1 1 1 1 1 1 z+1 1
1 1 1 1 1 z+1 1 1 1 1 1 z+1
= 2% 4+ 625 + 102* + 423 = 2% 4+ 625 4+ 9% + 423
(vo,-..,v6) = (1,6,10,4,0,0,0) v Exact (vo, .. -,v6) = (1,6,9,2,0,0,0) X Overcount +2z3

Spurious: 3-cycles (1 b 6), precisely (13 6) and (14 6), shortcut via non-edges (red), enabled by edge {1,6}.

Figure 6: Four-quadrant comparison. In the tree case (left), both determinants are exact. In the non-tree
case (right), both overcount, but from opposite sources. Blue: the closing edge that creates graph cycles
(adjacency). Red: lower-triangle non-edge entries that create non-adjacent shortcuts. Both overcounts
equal +2.

In the Cs matching matrix, the Hamiltonian 6-cycles (123 4 5 6) and (1 6 5 4 3 2) each contribute +1,
giving det(Askew) = 4 = 22 (the FKT squared overcount). In the shifted matrix M’, spurious 3-cycles (1 b 6)
shortcut through non-edges, producing a net overcount of +223. The same graph exhibits both failure modes
from opposite sources.

Uniqueness. The zeroing of Theorem 2 is not unique: for the n = 7 example, both {(6,5), (7,5)} and
{(6,4), (7,4)} produce the correct polynomial. Theorem 2 selects the canonical configuration determined by
the forest-of-paths decomposition.

Algebraic properties. Since M’ is asymmetric, the vertex cover polynomial can have complex roots
(e.g., the n = 7 quartic factor), unlike the real-rooted matching polynomial [6]. The coefficients remain
non-negative integers despite complex eigenvalues.

8 Conclusion
We have established the first determinantal characterization of the vertex cover polynomial. For any tree, a

single asymmetric matrix—constructed via a forest-of-paths decomposition and three zeroing rules—yields
the full size-stratified polynomial through an O(n?) determinant. The construction uses directed reachability
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to control the Leibniz expansion, a mechanism structurally distinct from the Pfaffian orientation of the FKT
algorithm. The shifted basis {(z — 1)k} converts inclusion—exclusion signs into nonnegative counts, and
mult(A=1) = 7(G) without rescaling. The adjacency/non-adjacency duality with the matching polynomial
clarifies why both polynomials admit exact spectral formulas on trees but overcount on general graphs from
opposite sources.

Natural extensions include graphs of bounded treewidth, series—parallel graphs, and graphs with bounded

feedback vertex number, each of which admits structural decompositions compatible with the correction
template of Theorem 2.
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